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Abstract The generalized uncertainty relation is introduced to calculate entropy of the
black hole. By using quantum statistical method, we directly obtain the partition function of
Bose and Fermi field on the background of the plane symmetry black hole. Then we calcu-
late the entropy of Bose and Fermi field on the background of black hole near the horizon
of the black hole. In our calculation, we need not introduce cutoff. There are not the left
out term and the divergent logarithmic term in the original brick-wall method. And it is
obtained that the entropy of the black hole is proportional to the area of the horizon. The
inherent contact between the entropy of black hole and the area of horizon is opened out.
Further it is shown the entropy of black hole is entropy of quantum state on the surface of
horizon. The black hole’s entropy is the intrinsic property of the black hole. The entropy is
a quantum effect.

Keywords Brick-wall method · Entropy of black hole · Quantum statistics · Generalized
uncertainty relation

1 Introduction

Hawking [1] interpreted the quantum effect of black hole as event horizon emits thermal
radiation spectral particles. This was a milestone in black hole physics. The discovery not
only solved the contradiction in black hole thermodynamics but also indicated the inherent
contact among quantum dynamics, thermodynamics and gravity. Discussing thermal prop-
erties of various black holes becomes an important subject in black hole physics [2]. There
have been a number of efforts in the past several years aimed at the entropy of black hole.
The statistical origin of black hole has been probed and many methods of calculating en-
tropy have emerged [3–8]. One frequently used method is the brick-wall method advanced
by ’t Hooft [6]. This method is used to study the statistical properties of the scalar field
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and Dirac fields in various black holes [9–13] and it is found that the black-hole entropy
is proportional to the area of its horizon. To solve the problem that state density diverges
at horizon, we need introduce cutoff. But introducing cutoff let us feel unnatural. Lately,
Chang pointed that considering the gravity correction to uncertainty relation would lead to
the change of general state density equation. Furthermore, if we generalize the results of
Ref. [14] to curved spacetime quantum field theory, we will solve the divergent problem in
the original brick-wall method [15–17].

By using the method of quantum statistics, we derive directly the partition functions of
Bose and Fermi field in the plane symmetry black hole and avoid the difficult to solve var-
ious particle wave equations. The integral expression of black plane entropy is obtained.
However, using equation of state density motivated by generalized uncertainty relation cal-
culate the statistical entropy corresponds to the horizon of black plane, we derive that the
entropy of the black hole is proportional to the area of the horizon. In our calculation, we
need not introduce cutoff. There are not the left out term and the divergent logarithmic term
in the original brick-wall method. Result shows that a black hole’s entropy is the prop-
erty of horizon as a null hypersurface. The black hole’s entropy is the intrinsic property of
the black hole. Hence, we provide a method to interpret how entropy is taken as a mea-
sure of number of microstate. Obviously, the method in this paper is a more useful tool
to solve quantum gravity problems and to look for the relation between statistical dynam-
ics and thermodynamics. In this paper, we take the simplest function form of temperature
(� = c = G = KB = 1).

2 Plane Symmetry Spacetime

The linear element in plane symmetry spacetime is given by [18]:

ds2 = −B(r)dt2 + B−1(r)dr2 + C(r)(dx2 + dy2), (1)

where

B(r) = −4πM

NαN
r1−N + 6α2

N(2N − 1)
rN + 2Q2

Nα2N
r−N, C(r) = (αr)N .

When 1/2 < N < 2, the location of horizon of black hole satisfies B(r) = 0, namely

3α2

(2N − 1)
r2N − 2πM

αN
r + Q2

α2N
= 0. (2)

The radiation temperature of the black hole is:

TH = β−1
0 = 1

2π

(
−2πM(1 − N)

NαN
r−N
H + 3α2

(2N − 1)
rN−1
H − Q2

α2N
r−N−1
H

)

= 1

2π

B ′(rH )

2
. (3)

Area of a horizon of a black plane corresponds to unit xoy plane is:

AH = (αrH )2N . (4)
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3 Bosonic Entropy

Generalized uncertainty relation [14, 19–21]

�x�p ≥ � + λ

�
(�p)2. (5)

In dV d3P phase volume, the number of quantum states is given by

dV d3p

(2π�)3(1 + λp2)3
, (6)

Here λ is the measure of Planck length.
In the view of Ref. [22], the natural radiation temperature near the horizon of black hole

is as follows:

T = TH√
f

, (7)

where
√

f = √
B(r), is red-shift factor.

For bosonic gas, we calculate the partition function of the system as follows:

lnZ = −
∑

i

gi ln(1 − e−βεi ). (8)

In unit volume, from (6), the number of quantum states with radiation frequency of particles
less than or equal to ν is given by

g(ν) = j
4πp3

3(2π�)3(1 + λp2)3
= j

4πν3

3(1 + λ4π2ν2)3
, (9)

where j is the spinning degeneracy of particles. Since in space-time (1), a hypersurface
corresponding unit xoy plane at arbitrary point r is α2Nr2N , the partition function of the
system at the lamella with arbitrary thickness outside the horizon of black plane is

lnZ = −α2N

∫
r2N dr√

f

∑
i

gi ln(1 − e−βεi )

= −α2N

∫
r2N dr√

f

∞∫
0

dg(ν) ln(1 − e−βhν)

= jα2N

∫
r2N dr√

f

∞∫
0

4πβh

3(1 + λ4π2ν2)3(eβhν − 1)
ν3dν

= jβ0α
2N

∫
r2Ndr

∞∫
0

4πh

3(1 + 4π2ν2)3(eβhν − 1)
ν3dν, (10)
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where β = β0
√−gtt . According to the relation between free energy and partition function,

we have

F = − 1

β0
lnZ = −jα2N

∫
r2N dr√

f

∞∫
0

4πh
√−gtt

3(1 + λ4π2ν2)3(eβhν − 1)
ν3dν. (11)

So the entropy of the system is

Sb = β2
0

∂F

∂β0
= jβ0α

2N

∫
r2N dr√

f

∞∫
0

4πβνh2√−gtt e
βhν

3(1 + λ4π2ν2)3(eβhν − 1)2
ν3dν

= j
α2N

6π2β3
0

∫
r2Ndr

(−g
3/2
t t

√
f

∞∫
0

exx4dx

(1 + λ x2

β2
0 (−gtt )

)(ex − 1)2
, (12)

where x = βhν, suppose

I1(gtt ) =
∞∫

0

exx4dx

(1 + λ x2

β2
0 (−gtt )

)(ex − 1)2

≈
∞∫

0

(x2 + x3)dx

(1 + λ x2

β2
0 (−gtt )

)3
= π

16
β3

0

(−gtt

λ

)3/2

+ 1

4
β4

0

(−gtt

λ

)2

. (13)

In (12), we integrate and take the integral region [rH , rH + ε]. Then substituting (13)
into (12), we obtain

Sb = j
α2N

6π2β3
0

rH +ε∫
rH

r2Ndr

g2
t t

[
π

16
β3

0

(−gtt

λ

)3/2

+ 1

4
β4

0

(−gtt

λ

)2]

= j
α2Nr2N

H

6π2

[
π

16λ3/2

√
2ε

κ
+ 1

4
β0

ε

λ2

]
. (14)

We are only interested in the contribution from the vicinity near the horizon. From gener-
alized uncertainty relation (5), we derive that the minimal uncertainty degree is 2

√
λ under

Planck scale. Hence, taking as the minimal length of linear element of pure spacetime, 2
√

λ

have the following form.

2
√

λ =
rH +ε∫
rH

dr√
f

≈
rH +ε∫
rH

dr√
2κ(r − rH )

=
√

2ε

κ
, (15)

where κ is the surface gravity at the horizon of black hole and it is identified as κ = 2πβ−1
0 .

Thus we naturally derive the expression of entropy

Sb = j
3α2Nr2N

H

16λπ
= j

3AH

16λπ
, (16)
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where AH = α2r2
H , is the area of outer horizon of black plane corresponds to unit xoy

plane. Using the new equation of state density motivated by the generalized uncertainty
relation calculate the statistical entropy corresponds to the horizon of black plane, we obtain
that the entropy of spacetime is proportional to the area of the black hole’s horizon. In
our calculation, we need not introduce cutoff. The value of entropy has nothing to do with
the radiation field outside the horizon. And the horizon only has the property of the one-
dimensional membrane in three-dimensional space. So the entropy is property of this one-
dimensional membrane. It should be entropy of the black plane.

4 Fermi Entropy

For Fermi gas, the partition function is as follows:

lnZ =
∑

i

gi ln(1 + e−βεi ). (17)

From (9), we have

Sf = β2
0

∂F

∂β0
= jβ0

∫
A(r)dr

∞∫
0

4πβνeβhνh2

3(1 + λ4π2ν2)3(eβhν + 1)2
ν3dν

= j
1

6π2β3
0

∫
A(r)dr

f 2

∞∫
0

exx4dx

(1 + λ x2

β2
0 f

)3(ex + 1)2
, (18)

I2(f ) =
∞∫

0

exx4dx

(1 + λ x2

β2
0 gtt

)3(ex + 1)2

=
∞∫

0

exx4dx

(1 + μx2)3(ex + 1)2
= 1

2

∂2

∂μ2

∞∫
0

exdx

(1 + μx2)(ex + 1)2

= − ∂2

∂μ2

∞∫
0

μxdx

(ex + 1)(1 + μx2)2
≈ − ∂2

∂2μ

∞∫
0

μxdx

(x + 2)(1 + μx2)

= − ∂2

∂μ2

∞∫
0

[
μ

(1 + μx2)
− 2μ

(x + 2)(1 + μx2)

]
dx

= − ∂2

∂μ2

[√
μ

2
π − μ

4μ + 1
(ln(2 + x)2 − ln(1 + μx2) − 4

√
μ arctgx

√
μ)

]∞

0

≈ 1

4
μ−2 = 1

4
β4

0

(
f

λ

)2

. (19)
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So the entropy of the black hole corresponds to Fermi field is

Sf = ω
α2N

6π2β3
0

rH +ε∫
rH

r2Ndr

4g2
t t

β4
0

(
gtt

λ

)2

= ω
α2Nr2N

H

6π2

1

4
β0

ε

λ2
= ω

α2Nr2N
H

6πλ
(20)

where ω is the spinning degeneracy of fermions.

5 Conclusion

As early as 1992, Li and Liu phenomenally proposed the state equations motivated by grav-
ity and gave the state equations of the thermal radiation filed near the horizon of black
hole [23]. Using the Li–Liu equation, Wang calculated the entropy of a black hole and ob-
tained that the entropy of the black hole is proportional to the area of the horizon [24].
However, in his calculation the left out term and the divergent logarithmic term in the origi-
nal brick-wall method don’t exist.

Based on the above analysis, we calculate the entropy of the plane symmetry black hole
by using the new equation of state density motivated by the generalized uncertainty rela-
tion. The divergence appearing in the brick wall model is removed, without any cutoff. It
is derived that the entropy is proportional to the area of the horizon. We start with different
consideration, but obtain the same conclusion. So there exist the inherent contact between
the Li–Liu equation and generalized uncertainty relation. And this inherent contact is a sub-
ject of theoretic physics that we should study.
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